Abstract: Some new criteria for identifying H-tensors are obtained. As an application, some sufficient conditions of the positive definiteness for an even-order real symmetric tensor are given. Advantages of results obtained are illustrated by numerical examples.
Introduction
Let C.R/ be the complex(real) field and N D f1; 2;
; ng. We call A D .a In particular, if and x are restricted to the real field, then we call an H-eigenvalue of A and x an H-eigenvector of A associated with [1] .
It is well-known that an mth degree homogeneous polynomial of n variables f .x/ can be denoted as 
where x D .x 1 ; x 2 ; ; x n / 2 R n [8] . When m is even, f .x/ is called positive definite if
f .x/ > 0; for any x 2 R n ; x ¤ 0:
The symmetric tensor A is called positive definite if f .x/ is positive definite [8] .
It is known that the positive definiteness of multivariate polynomial f .x/ plays an important role in the stability study of nonlinear autonomous systems [9, 10] . However, for n 3 and m 4, it is not easy to identify the positive definiteness of such a multivariate form. For solving this problem, Qi [1] pointed out that f .x/ defined by (2) is positive definite if and only if the real symmetric tensor A is positive definite, and provided an eigenvalue method to verify the positive definiteness of A when m is even (see Proposition 1.1).
Proposition 1.1 ([1]
). Let A be an even-order real symmetric tensor, then A is positive definite if and only if all of its H -eigenvalues are positive.
Although from Proposition 1.1 we can verify the positive definiteness of an even-order symmetric tensor A (the positive definiteness of the mth-degree homogeneous polynomial f .x/) by computing the H-eigenvalues of A, it is difficult to compute all these H-eigenvalues when m and n are large. Recently, by introducing the definition of H-tensor [11, 12] , Li et al. [12] provided a practical sufficient condition for identifying the positive definiteness of an even-order symmetric tensor (see Proposition 1.2).
Proposition 1.2 ([12]
). Let A D .a i 1 i 2 i m / be an even-order real symmetric tensor with a k k > 0 for all k 2 N . If A is an H-tensor, then A is positive definite. Now, some definitions and notation are given, which will be used in the sequel. 
We call A a strictly diagonally dominant tensor if all strict inequalities in .3/ hold. We call A irreducible if A is not reducible.
we call B the product of the tensor A and the matrix X .
Let S be a nonempty subset of N and let N n S be the complement of S in N . Given an m-order n-dimensional complex tensor A D .a i 1 i 2 i m /, we denote 
; mg I
This article is organized as follows: In Section 2, some criteria for identifying H-tensors are obtained. As an interesting application of these criteria, some sufficient conditions of the positive definiteness for an even-order real symmetric tensor are given in Section 3. Numerical examples are given to verify the corresponding results.
Criteria for identifying H-tensors
In this section, we give some new criteria for identifying H-tensors. First, some lemmas are given.
Lemma 2.1 ([12]
). If A is a strictly diagonally dominant tensor, then A is an H-tensor.
. Hence, we always assume that N 1 ¤ ;, N 2 ¤ ;. In addition, we also assume that A satisfies:
and strictly inequality holds for at least one i , then A is an H-tensor. 
If P 
Hence, there exists a positive number " > 0 such that
Let the matrix X D d i ag.x 1 ; x 2 ; ; x n /, where
As " ¤ C1, x i ¤ C1, which implies that X is a diagonal matrix with positive entries. Let B D .b i 1 i 2 i m / D AX m 1 . Next, we will prove that B is strictly diagonally dominant.
For any i 2 N 1 , by Inequalities (5) and (7), we have 
If P (6), (7) and (9) , we have 
Therefore, from Inequalities (8), (10) 
in addition, the strict inequality holds for at least one pair of indices i 2 N 1 and j 2 N 2 . Then A is an H-tensor.
Proof. Define M i and m i as in proof of Theorem 2.5. From Inequality (12), we have min
addition, a strict inequality holds for at least one pair of indices i 2 N 1 and j 2 N 2 . Notice that A is irreducible, this implies Adopting the same procedure as in the proof of Theorem 2.5, we conclude that jb i i i j R i .B/ for all i 2 N . Because of M j m i , for all i 2 N 1 and j 2 N 2 ; moreover, the strict inequality holds for at least one pair of indices i 2 N 1 and j 2 N 2 , thus, there exists at least an i 2 N such that jb i i i j > R i .B/.
On the other hand, since A is irreducible, then B is also. Then by Lemma 2.3, we have that B is an H-tensor. By Lemma 2.4, A is also an H-tensor. ,˛D 6 5 . Since ,˛D 6 5 . Since we know that A satisfies the conditions of Theorem 2.6, then A is an H-tensor.
An application
In this section, based on the criteria of H-tensors in Section 2, we present new criteria for identifying the positive definiteness of an even-order real symmetric tensor. From Proposition 1.2, Theorem 2.5 and Theorem 2.6, we obtain easily the following result. (ii) all the conditions of Theorem 2.6. 
